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VRIFACE

The non-linear character of the problem stems from the
fact that the structure of the moving system changes with times

as the anchor chein is unwound from the windlass, the links change

-y o oo Mt @ 95D § B B

from rotary to rectilinear motion., Similar changes of the struc-

ture of a moving one-dimensional continuum occur in a wide variety

Crt e wsbseten

of problems concerned with the behavior of plastic-rigid beams :
and frames under dynamic loadinz, The mathematical techniques :
developed i: -. - present paper heve, in fact, proved valuable in .E
the treatnent o’ suech -roblems, It is for this reason that the : :
present paper 1is issued as a technizal report under Contract l7onr- :
39801 even though the subject matter of this paper does not fall

within the scope of tiiis contract,

i 7. H. LEE, Chairman

: Graduate 6ivision of
Applied tiathematics

Brewn University
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ON TiT® MOTLON OF ANCHOR CHAINS

3y R, Gran Olsson, Providence, R, I,

1. Introduction. In an carlier paper the problem of the motion
of an anchor chain was treate2d under some idealizinz conditions
such as, for instance, neglecting the friction of the anchor
chain, chain holder and windlass and the moment of inertia of the
vindlass with respect to the rotatinz axis {1 ). The anchor
chain, howvever, also moves on inclined planes with different
angles and fric.ion occurs at each point where the chain is
changing its direction. It may be shown that it is possible to
b : talke all these influences into account without making use of
mathematical tools other than those in the paper cited above, In
other words: 1t 1is possible by means of simple substitutions to

consider the motion of anchor chains under more real physical

conditions and to get solutions similer to those obtained earlier,

The results may rte internreted 1i1 the same way as before,

gu&}—":
at

Belore givirz the nathematical treatment of the prob-

lem let uvs consider the different parts of the anchor mechtanism
=1 and the conditions wnic ti'is mechanism nust satisfy in order to

be in agreement with tiie solution civen in this paper. The linis

of tiie crain are wmovinz from the chain locker, through the chain
o ix locker pipe, over the chain holder of the windless and through f; .
331 ; tl.e hawse pripe (Fig. 1) 2], The chains should heve a clecr lead

to the hawse pipe, The chain holder particularly and the windless

generally should bc kept well lubricated in order to keep the . ,‘

friction moment small, The position of the chain locker is very
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important if the windlass gear is to work in a satisfactory

manner, In(Fiy. 2)1is shown the amount of grip of the chain oy

the chain holder: to insure this grip it is esscntial to have

the tall end weight of the chain from the windlass down to the
chain locker well below., It 1s also important for the locker to
be below the main deck, witi a chcin locker pipe (Fig. 1) for
controlling tie lashing cable when the chain ls dropped. On
merchant marinc ships anciior chains are made up in 90 foct lengths,
usually coupled tozether by a bolt type of shackle nccessitating
extremec-cnd linl's of swnecizl size on either side 5¢ the shackle,
The design of tiwe windlass cable holder must accommodate the

pitch of common links as well as thec different pitches over the

v ” 2
{s v s pom pemge=m, A
i

shackle connections zs shown in (Fig. 2).

. The transition from the main deck to the hawse pipe

as stown in (Fis, 3) 13 to climinate the wear at the hawse pipcs

> £
%"i to reduce the frictional forcec, which has the effec: of decreasing 4
g; ‘ the effective force in the chain between the ship and the anchor,

3 the hawse pipe should be given such a shape as to provide a

Ao e @

Skt AL smooth and c¢ontinuous race for the chain links,

o)
[

-

ictations., In this pancr the same nectations as those of

— ——— -

Timoshenko and Young will be used [ 3 ]; some more mathematical

notations arc in agrecment with those used in textbocks on el-

liptic integr:sls end functions [ & ],

=2
a acceleration (cm scc™ ),

Co constant of intezrntion
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@1y €y Oy = roots of the equation W4s” - g9 - g3 = 0,

F = force of friction (g),

g = acceleration of gravity (cm sec'z),

2 g3 = invariants of the Welcrstrass elliptic function
$ i b I
{ :

k

moment of inertia of windlass (g cm scca),

"

i

modulus of the Jacobian elliptic function,

44 = length of a scction of the chain (cm),

1

2
m = mass of the system in notion {g cm™" sec”)

P TR "SR

Mpog = J/r2 = mass of the windlass reduced to the pcriphery of

1

the wvindlass (g cm~ sec2),

e don

weight per unit length of the chain (g cm’l)

Ko}
]

’
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-
i

average valuc of the windless radius (em),

4 3-’ . Si = tension in the chain for an arbitrary scction (g),

ct
N

- tine (sec),

-
=
[}

parameter of the clliptie function

velocity (cn scc™t),

; R :

i*l“ W = welght of the anchor (7) ?}

% W =W, + gx = welzht of tie anchor and a lenith x of the chain (g), :
x = displacciucnt, length of the chain from a fixed point (cm)

IS
>
n

o = Wo/2 = length of the chain, corresponding to the weight wo(cm),

o yes o e oy

o = angle of an arbitrcry inclined plane
< Y = ratio of rctarding and accclcrating forcos
? ) A = discriminant of VWeicerstrass clliptic function, E:
;%A;; b = incriment of a quentity (dx, dq), 3
i%’%; e = angular acccleration of the windlass (sec™), 1; :
ﬁ 5 W = coefiicient of friction, -3
‘;:{%h ) E= (Vg +gx + 02 4y + BMpoa ) Moo -E
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® = anglc of rotation of the windlass,
w = the rcal half period of the e¢lliptic p=-function
p(u) = the elliptic p-function of llelerstrass,
C(u) = the clliptic ¥- function of Welerstrass,

3., EBquation of motion and its intcogration., By using 4'Alemberts

- et -~

principle and the principle of virtual displaccments we get as
equation of motion of the system by an increment dx of displace-

ment x and 39 of anzle @ of rotation [5].

; n .e ‘
. (Wo + gx + g% 4y sin qg) bx - Fox - (I + M) b9 l
1=1 :

‘i A 1 4 [ ' s2,) ] dx = O (1) E
-t (Wy + qx + @?14) v x =0, i

As will be shown at thc end of this paper it is not necessary to

malie a nore cxact consideration of the friction than notating it

by a constant force I,

4 o B
4 :
pEidy ~ ' % ) 3
3 - Because of the fixed connection of enchor chair and :
: . 1 {

X windlass thec ""incmatic condition yiclds :
e | i B

v FY b = rdg (2)

and for the volocitles an? aczcelerations

rcspectively.

The tera I$ b itay be written

X = dv
I X & L = dx,

rt-
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where Mpod = I/r2 is the nmoment of inertia reduced to the radius

r of the windlass, This is addecd to tho last term of Eq.(1l).

4 In order to obtain a total differcntial thc cxpression

: n;: -
3 a Li (1 - sin ui) +em o

.
" e e e

is added to the two first terms of Rq.(1l), giving the following

cquation
Wy + ax + qTLi + g - (F + 2? + q?Li (1 - sinay) + gmred]

d it . (]
55 [y + qx + qZl, + BMugq) Vv ]. (1a) :

¢a ji~

iultliplying by

subey PG PN =T N

- -
(ho + gqx + q“{i + gmrcd) vt

and intcgrating, wc obtain

f‘ _l_ L . A i’ 3 - 1‘ I HF . A -
o o (Wo + qx + q74; + o) 5 (r + =+ q 24 (1 - sinay)

s ¢ > P 4 Co

; +8m, 4 (Jo +ax + ¥y +ogm . + 7 :

!¢ 4 :
| -y (W, + gx + qZd. + ¢ ) (1b) 4
: " % o ™14 %% * 8Mpeq’ o

where the integration constint may be determined fron the con-

' dition: v = C wvhen x = 0, 1,c,

(@]
it
=
o
+
™
=
+

3
4Ppeq) +[F 4+ 2? + q211 (1 - sin ay)

-y
5

, 2
] (h + qy’?'i + gmred) .

+
g
3

;
A Gdet oty WEV P‘-;ﬂ& -—mere
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It is convenient to introduce the following abbreviations

(Wo + gx + g%y + gmnoq)/Wy = &, (%)
5 (W, + &Ly + gm, 4V = &, (4a) é
3 [r + ::F- + qE(1 = sinay) + gm. 4 JAG = v, (b) E

The velocity may now be written as

W H 2 : N
Velogd2@dagd ey gl - )—1/!:2. (1c) %
q 1 3 _r ¥
3 3
-3 liith the notation 3
3
e i .
gl v blo/g - “0, 1oeo -x—ox- e dg, |
At e

ws obtaln after some simple calculations the time

Rl £dg .
23 t \16 S e (5) :
_,.,.? . 8 ( g ({J . £03) + (/’Y (6.02 _ (L)}l;d L >
T .

33N

&

when it is assuned that &= §,(:0 = 0) for t = C,
+ “quztion (1) is now integrated, but it is more con- b
.. venient to introduce a new independent variable, let us say u,
and present tne incmatic cuvantities (disnlacement, velocity,
acceleration) and also the tine as dependent on this new variable

u,

4, Introduction of a nev _independent variable., TFrom Eq,(lb) the

- - -

time t may always bc expressed by the integral

. tzd‘x%=$%g§§’ ()
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where x = X, correspond to t = 0, In the second integral we
have introduced ¢ inztcad of x.

Instead of e:pressing the time as a function of the dis-
placement let us introduce a new independent variable

the inverse function being
3 L = p(u), (8)
From Eq.(5) we have
at = g.-c ’ (6&)
C
¥ and from Eq.(7)
<
qu=& -4t o dt (7a)
4 Cé C p(TD'
o Consequently we find, by integrating,
vt . u
" t =$ p(u)du, (9)
4
& The vclocity is accordins to REqs.(7a) and (8)
54
EaE: . -1 & _ p'(u
7% L= g T VR (10)
; ‘
@ i The acceleration expressed by p(u) 1is
= :
S = %‘é = .g.t. (P."(%_lu y =.4. p'Cu) du _ p(u)p"(u) - p' (u)?
s 4 p(u du pfu t 3 y
= ¢ u
T p(u)
s': ¥ )
3 As L is given as a functicn F) = F [p(u)] we get the following

differentisl equation for »(u)s
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S 1 n 1(,
5 %(%ll [%-W] = F [p(u)] p(u). (11)

This equation may serve as a check at the end of the calculation,

in our case we have to substitute

@

u = d (7b)
fc L3 gD v 6y (€ - g AR

which 1s an elliptic intczral, and the inverse function

£= p(u) (8a)

is an elliptic function of u,

Py means of the substitution

= £= (s + g), af = ds, (12)
4 we transform the integral (7b) into
@
] e,
-‘-ajz s\]%s - gps - 03
where the invariants of the elliptic integral
=
i 22 = 3, g3 = MG - A )+ v (13)
: and the inverse function
e .
. s = p(u) &b
= p( (Eb)
i. "

is the VWelerstrass p-function if we choose the indicated linmits
of Integration in (7b) and (7¢).

From Eq.(5) we obtain the time

G ® by smam Wy v n R BT Y

. - R
1N e M S NN W SN e e e L T O O

[SREE
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t =

the integral expressing the time

S

,

) sds _ ]
p(u)du = C(uo)
J @53 bzs - "3 J u

]

c

vhere { (u) is the Velerstr:-cs {-function.

Tor the tine we finally get

¢ 6"0)1/2 [ Clug) - &(u) +

(u -

NI

Fron Sgs.(4), (12) and (8b) we have

X=xo[(p(u)+§)-1]-(21%1+

L0 10

and the velocity from Zas. (1lc), (8b) and (12)

% = |fo )
5 bw +§

(5a)

(5b)

(%c)

(8¢c)

(10a)

The acceleration can be calculated from Cq.(la}, which may be

ritten

Wy (8 = ¥) = 2 Wy & (kv

re
v

Recognizing that

. 2
adg (VeE) v = q v7,

we ottain from Tg. (1la)

(1la)

.t
A § el s 3 29

£ hal

B s v (4TS

Y e «\-\»M«p:‘o’»(wmmu".-ﬂl,qmv-..-qqm o v & potyt e ae
ey T !

Tva Y
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=11
w 2 ‘-- u
W (E - = =2 V + 9 v, (11b) { 3
S -7 =2 Y+ d ik
-4
| By means of Eq.(8b) and (12) we get 4
| .
3 £
; l”‘
. a=gx=__z__..[p(u)--y-g_u_)__2]. (1lc) R
\ at pu) + ¥ (p(u) + E L
P

There is an asymptotic value of acceleration equal to g/3. This
constant value of acceleration corresponds to a straight line for

velocity and a parabolic curve for displacement,

By speclalizing the results obtained above to the

~

,L:mt"\‘,uslw 5 N

cas¢ Y = O we get the same expressions as in the earlier paper,

Thereforc we don't need consider this special case now.

5. Investization of the discriminant of the Welerstrass p-

function. From a numerical calculating point of view 1t is in-

nortint to consider the discrimant of the Vcierstrass p-function,

R B T T TE X STRYe W PRV P ‘onn-trm-qghn-.“-drugo&-tv%w- iy s ¢

| t.e.[6] 2
’Ij g b= 35> - 2747, (14) .
£ i
{. where g,, gy are the invaricnts, introduced in 7q.(7c). Insert- %, 4
ey ing ) and g4 from Tq.(13) in (14) we obtain after some elemen- ;
:
tary calculaiions

= 2 3 3 2 e
5 b= - 216 £2(8 - 278 +2 0 - 37 £P), (1ka) ‘
‘z where §, and Y are given by (4a) and (%b), From Eq.(la), however, Er -
E?ﬁ_r we see thet motion is nossible only if §,> Y and from (Ya) and ‘%%?

g £ <&
(4+b) that §& > 0, Y20, where Y = O corresponds to the case in- N Y
%ﬁ- vestigated earlier, Writinz the discriminant B3¢ 5
73 ,
|
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6 2
A = 432 (% g = 1) - 1)°( + 1),
© G § - 1GL o
The value of the discrimant for Y =0 is
é
AO E - l+32 CO . . (1!'*0)

In order to obtain a convenient representation of the discriminant

4 ve write
2
AA =<3 )Y -1) - ) (Wt + 1), (14d)
R A A

has a maximum
for YL = (V17 « 1)M = 0,781 and 1s equal to zero for

Y/t,o = 2/3 and Y/Co = 1, The curve A/Ao 1s shown in Fig. 5,

This expression considered as a function of Y/Zo

I ve write the polynomial under the square root of
Eq. (7¢)

bs3 o 828 - gy = 4(s - e (s - e,))(s - es), (15)

€1y €5, e3 beinz the roots of the zquation
433 . 826 = By = 0 (15a)

the nesative value of the discrimantA means that two of the roots,
let us say, eq and 93 are complex, the third root e, being recal,

Introducing the quantitles H and k2 defined by

~

. 2 8 =
}!c = - - =2
(e2 el)(e2 e3) es  + 525

6)
e E> (1

Bt 4 -, (2o | o

£ vo s L s ». g«muq.c!-n--v;~cgl.-cnr-m4—~
0 (Y Sy dall g O nmq-\n'l.um;-tgg m__ '-ﬁ “(.Aﬁulﬂv_ ar o Y g
M A ;

L

.4 Ceridig 1y ;
Lok

» q#’.ﬁ,r -

&1




e 4

All. 91 12

where k 1s the modulus of the Jacobian elliptic functions, Eqs.
(16) establish the connections between the quantities Byy @59 H
and k2, where 8y = 3Y2 and e, may be found as the real root of
Eq.(15a). To get a survey over the numerical calculations it is,
however, more convenient to consider the values H and‘k2 as given

end from these calculate g3 and e,, getting

H(1 - 2K°), ]

e -
3

gy = %?)3(1 - 21%) [9 - 8(1 - 2¥%)° .

wd
The connection between the invariant ) and g3, on the

other hand, are given by

8o = "‘922 - ég o 3Y2- (17)

Introducing e, and g3 from 7qs.(l6a), we obtain
= W[ ‘5* (1-2¢%) -17. (17a)

Because of 8y = 3Y2, we must have g5 20oor

.22 -1,

which neanslé{S 0.06699, & £ 0.259, the sign equal corresponding
to the equianharmonic case (32 = 0) considered earlier, Because

of g5 > C the value of k2 is small and therefore as a good ap-

proximation we may assuue k2 = 0, giving

. . .,
2N il o P - B ) PRER R . R B W B e PH o v e B

€00 D B o Ak B4 g B ) e g

o i X T

R RN LT

o Wy il ol

ooty

Tt hant iy i

A fedn '+ 7>

2
A
x
#
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92 = 3 H

- 2 usd .
83 (EH/ -Yao

On the other hand we have from Eq.(13)

>
%

2
By =ML T(E -3V 4y (13a)
Rkl and therefore the followinz condition between £o and Y holds for
o the case k° = Ot
Y/go = 2/3,

all quantities beins expressed by Y,

L TS

stglis

i As Y/(° = 2/3 corresponds to the special case A = 0,
% vhere
i
: l4»33--3;5--g :Ns3-3Y25~Y3=C~

= 2 3

¥ 3
Fao B with all roots real ey = Y, e, = ey = - Y/2, we have the follow=
Py - ing equation for the Welerstrass p-function
fHse 4

st § . e - €
h qz; p(u) = ey + 1 o N VO (18)
=2 § sn°(u Vey - e3)
E'é'
l"’;: the real half period being
&t -
e G I == (19)
i Ve =63 VBT yBg
ST
- | ,
i 6. Representatlion of the -inematic quantities in the case
LR .
EET Weolste -
o s <
v ,T“?

T

ot
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From Eq.(18) we get, inserting for ey and e

3 Y

p(u) + L =
; 2 si n2(u Ve ')

3

The value of u corresponding to the argument m/2 is uy = a

it and therefore we may write
: Y
5 ; p(u)+§=_%__°

n u

sin (3 =)
2 uo
Introducing this in Eq.(8c) we get, rememberinz from Eq
= that
- ’ W
Z£1+3mred=__°((o-1)=xo(gy_1)’

2% q q
138
2 X =% =2 Y [-—L1 -11

;: S sin2(u43Y)

From this ve see that the boundar

2l (u = uo) is satisfied, Tauation (8d) may be written
FEE X = 3 Y X, cot? (u Jg Y).

3 The time may be written as

e

. (ka)

(84)

¥ condition x = O for t = O

(8e)

du

. | t=<...9)1’?| [p(w + ¥ du = (i’gﬁe)l/?hf
%l u

Sine(

which, after integration, yields

5 Y u)
(5d)

e D L p—

it

SRR S e b

i - = = - e Sy U
o TSR L L L AT NN A R T - - R T el RN



=6 0)1/" (37)1/2 cot (J Y u).

From this we obtain

- 2
2 t
3¢ cot?(Ng yw < g (5¢)

which inserted in Eq. (8e) yiedds the simple result
X = 2 t2. er)

From Lq.(10a) for the velocity we get

LI Xol 1/2 é 1
X = =2 = (g Y) cot \[2 Y u-=

6x, . -
°(53-2-)1/2 x°) /2y, (10b)
or, in agreement with (3f),
= g t. (100)
3

In the same menner we finally obtain for the acceleration

B 2
a=§$sin2( gY!u), %Y e cos(\]%Yu)
.‘sinz( 3 Y u sin2( g Y u)
2 = 2 & sin’( J Yy W[ % AT NIMST —d . =8,
3 «in?( Y u) 2

Ve ' thereforc have for (o = § Y the very simple case of constant

acceleration, vclocity linearly dependent on time and displace-

ment depending on the square of time., If we are starting with an
acceleration equal to g/3, the motion will continue with this con-

stant value of accelcration. In Fig. 6 is shown the displacement

Lol AS
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as a function of time for the cases Y/{, = 0, Y/f, = 1/3 and
Y/§, = 2/3 (uvonstant acceleration)y Fig, 7 and 8 present velocity

resp. acceleration for the same values of Y/g.. _ :

7. Simple proof that constent acceleration is equal to g/3. The

equation of notion may be written

-
LT Py

%% vV +m %% = P, (18)
where dm = qdx/g, dm/dt = qv/g,

dm v = 3 2, (19)

&
nm
tand 4o i it

¢ o id

At the beginning of motion we have v = 0 and

F{ - ¢

dv - dv - 5. P em, 3V =wma (18a)
] t=0 (o] o-*
Hi(tao) a-f(t=o)

¢

Substracting this last equation from Eq,(18) we get

g 2 - — - : 4
- vi+(m-mn,) a=P P(tgo) = qX (18b) ? i
€ ¥
because the difference of forces at an arbitrary time t and t = O 3
is gx, Furthermore is m - Mgy = g X. By constant acceleration a ;
S j
the square of velocity is v = 2ax, which value inserted in Eq, 3
(18b) vields E
d 2ax + aX = qX Oor a = & = const. R £
g g 3
This is the only velue of constant acceleration which is valid :
for all values of x, that means during the whole motion from _h;?~
B e
beginning to stcp., From Zq.(18b) we see that a constant acceler- tﬂ:
ation is possible by motion with variable mass if the mass in Si:w
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motion and acting torces are increasing proportional to the dis-
placement. If the uotion takes place under the influence of

gravity the constant value of acceleration is just equal to g/3.

8. Summary. The motion of an anchor chain under the influence
of gravity and friction forces is considered, The equation of
_ik motion involves also the influence of the moment of inertia of
the windlass and the frictional moment acting on the axis of the
windlass. The solution of the equation can be expressed by the
elliptic functions of Weierstrass, the time by thc { - function
of a parameter v, the Y“incmatic quantities (displacement, velocity,
acceleration) by the p-function and its derivative of the same
parameter., In a special casc these functions can be expressed by
trigonometric functions, corresponding to a constant acceleration
2% i a = 3/3, the velocity v = gt/3 and the dicsplacement s = gt2/6.

The abscnce of frictional forces corresponds to the equianharmonie

roy case of the Weicrstrass function, tabulated by A, G. Greenhill
-ﬁ% {7 31. All real cascs of motion of the anchor chain are included
% : between this casc and the casc of constant acceleration a = g/3
.:§’; and can be found by lincar 1interpolation with respect to the
; ? parameter Y, expressing the ratio of the friction forces and the
" * aceclerating forces,
L%ﬁ 9. Appendix. As ncntionecd in section 3 it 1is possible to give

a more complete expression of the frictional force, This will

il
IR
f be donc in the followinz., Let us consider the forces acting on
“bf' an inclined nlanc (n - %) with the anglec of the slope equal to
gt = ' a(n-k)’ the 1cngth‘L(n_k) and the friction coefficient g, which
5
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may be assumed equal for 211 inclined planes (Fig.9). For the

motion of this part of the chain we have the following equation

, _q
Spx = Shok * Bl (sin g -p cosa ) = Z Y-k %%' (20

At the corncr of two adjacent slopes therc exists the following
relation betwecen the forces in the chain on both sides of the

corner

' = - .
St ke = Sno eXP lnt@ L o-a )] (21)

The nrime inde:: indicates the force in the chain just
bclow the corner, the samc notation without the prine index in-
dicates the force on the same slope just above the corner., If
the first inclined plane where the chain is moving after lcaving

the windlass has the number (n - m), the force in the chain is

S g%(mred v) + g? + g(*b + 4+ {2)%%

N (22)

- q({b sin @ _ + 1, sin a; + &2 sin a,),

1

-

s ll, %? arc the lengths of the chain of the threc first scec-
tions, according to Fig, 4. On the other hand the force in the
chain just below the last ccrner corresponding Lo the vertical

planc (n + 1), is zgiven by

Shap = (o + @) = 2 g [0 + @v ], e

From thc 1last four cquations we can establish an cquation of
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motion similar to %q.(la), section 3, It is convenient to in-

troduce
x
L=(t + 4+ ) omp [ (5=0 )] S
Keum .
* lcz;o Ln-k exp [“(2 = %(nek) 1 ﬁ(zh’)
k=m
L' = kzo L(n_k)(sin @ ) =Wcosa ) exp [p(g - an-k)]'J

If we expand the equation (23) on both sides by (gm.qq + qL), in
order to have a total differential we obtain the equation of
motion

(Wo + ax + gmy g + qlL) - % é% {(Wy + aqx + B0 g * qL) v)

(%]

= gM g *+ 3L - {-?- exp [p(g - an_m)] + qL' ]). (25)

The two last terms contain the influence of the friction forces

on the system, If we now multiply the equation by

(wo + qQx + gm +qlL) vdt = (W, + qx + BMeq * qlL) dx

red

and integrate, we zet the same equation as Eq.(1b), section 3,
apart a slight change of csome of the constants. We thus have
given a proof that it is allowed to introduce the friction as a

constant, if we nezlect the influence of centrifugal forces at

the corners durins motion,
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